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$f(\neq 0)$ $\mathbb{R}$ $L_{p}$- , 1 $\leq p<\infty$ .




$\bullet$ $a=(a_{n})\in \mathbb{R}^{\infty}$ , $\Psi_{\rho}(|a|;f)=\Psi_{p}(a;f)$ . $|a|=(|a_{n}|))$
$\bullet 1\leq p\leq q<+\infty$ , $\Lambda_{\rho}(f)\subset\Lambda_{q}(f)$ ;
$\bullet$ $\Psi_{\rho}(a-b;f)\leq\Psi_{p}(a;f)+\Psi_{p}(b|f)$ , , $\Lambda_{\rho}(f)$ $\mathbb{R}^{\infty}$
.
, $W^{1,p}(\mathbb{R})$ Sobolev , , $L_{p}(\mathbb{R})$ $f$ ,





$\int_{\mathbb{R}}f\varphi’dx=-\int\varphi d\mu,$ $\varphi\in C_{0}^{\infty}(\mathbb{R})$ ,
, $|Df|(\mathbb{R})=|\mu|(\mathbb{R})$ $\mu$ .
, $\mathbb{R}$ $f$ $f’$ $L_{1}(\mathbb{R})\urcorner 0$ ,
. , Sobolev $W^{1,1}(\mathbb{R})\subset BV(\mathbb{R})$ ( $[5$ , p.222] ).
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[3] , :
(i) ([3, Theorem 1, Theorem 2])
$1\leq p<+\infty,$ $f(\neq 0)\in L_{\rho}(\mathbb{R})\Rightarrow\Lambda_{\rho}(f)\subset l_{p}$ . , $f\in W^{1,\rho}(\mathbb{R})\Rightarrow P_{p}=\Lambda_{p}(f)$ .
(ii) ([3, Corollary 4])
$1<p<+\infty,$ $f(\neq 0)\in L_{p}(\mathbb{R})$ , $P_{p}=\Lambda_{p}(f)\Leftrightarrow f\in W^{1,p}(\mathbb{R})$ .
$\Lambda_{p}(f)$ , (ii) , $p=1$ , $f\in$
$W^{1,\rho}(\mathbb{R})$ , $f\in BV(\mathbb{R})$ , $\ell_{1}=\Lambda_{1}(f)$
. $f(\neq 0)\in L_{1}(\mathbb{R})$ , $l_{1}=\Lambda_{1}(f)\Leftrightarrow$
$f\in BV(\mathbb{R})$ ( 8).
2 $\Lambda_{1}(f)$
1 $1\leq p<+\infty,$ $f\in L_{\rho}(\mathbb{R}),$ $f\neq 0$ (i), (ii), (iii) .
(i) $\Lambda_{\rho}(f)$ $\mathbb{R}^{\infty}$ f
(ii) $0\leq k\leq 1$ , $C(k)>0$ .$\cdot$
$\int_{\mathbb{N}}|f(x-krx)-f(x)|^{p}dx\leq C(k)\int_{\mathbb{R}}|f(x-a)-f(x)|^{\rho}dx,$ $\forall a>0$ ;
(iii) $C>0$ ,
$\int_{\mathbb{R}}|f(x-ka)-f(x)|^{p}dx\leq cJ_{\mathbb{R}}|f(x-a)-f(x)|^{p}dx,$ $0\leq\forall k\leq 1,$ $\forall a>0$
.





$=$ $2^{p-1} \{\int_{\mathbb{R}}.|f(x-a_{n})-f(x)|^{\rho}dx+\int_{\mathbb{R}}|f(x-b_{n})-f(x)|^{p}dx\}$ .
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, $\alpha\in \mathbb{R},$ $a=(a_{n})\in\Lambda_{p}(f)\Rightarrow\alpha a\in$ Ap $(f)$ . $|\alpha|<N$ $N$
. $0<|\alpha|/N<1$ , (ii) $\{+$
$\int_{\mathbb{R}}|f(x-\alpha a_{n})-f(x)|^{p}$
$=$ $\int_{R}|f(x-|\alpha a_{n}|)-f(x)|^{p}dx$
$\leq$ $\int_{\mathbb{R}}\{\sum_{i=1}^{N}|f(x-\frac{|\alpha a_{n}|}{N}i)-f(x-\frac{|\alpha a_{n}|}{N}(i-1))|\}^{p}dx$
$\leq$ $\int_{\mathbb{R}}N^{p-1}\sum_{i=1}^{N}|f(x-\frac{|\alpha a_{n}|}{N}i)-f(x-\frac{|\alpha a_{n}|}{N}(i-1))|^{p}dx$
$=$ $N^{p-1} \sum_{i=1}^{N}\int_{\mathbb{R}}|f(x-\frac{|\alpha a_{n}|}{N}i)-f(x-\frac{|\alpha a_{n}|}{N}(i-1))|^{p}dx$
$=$ $N^{p-1} \sum_{i=1}^{N}\int_{R}|f(x-\frac{|\alpha a_{n}|}{N})-f(x)|^{p}dx$
$\leq$ $N^{p}C(| \alpha|/N)\int_{\mathbb{R}}|f(x-|a_{n}|)-f(x)|^{\rho}dx$
$=$ $N^{p}C(|\alpha|/N).1_{\mathbb{R}}|f(x-a_{n})-f(x)|^{p}dx<\infty$ .
, $\alpha a\in\Lambda_{\rho}(f)$ . $\Lambda_{p}(f\cdot)$ .
, $(i)\Rightarrow(ii)$ . , (ii) ,





$=$ $2^{\rho}\Vert f\Vert_{L_{\ddagger)}}^{p}$ (2)





$0< \int_{N}|f(x-a_{n})-f(x)|^{p}dx<\frac{2^{p}}{3^{n}}\Vert f\Vert_{L_{P}}^{p}<2^{p-n}\Vert f\Vert_{L_{p}}^{p}$
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. $n$ ,
$N \int_{\mathbb{R}}|f(x-a_{n})-f(x)|^{p}dx\leq 2^{\rho-n}\Vert f\Vert_{L_{\rho}}^{p}$
$N$ $N(n)$ ,
$N(n) \int_{\mathbb{R}}|f(x-a_{n})-f(x)|^{p}dx\leq 2^{p-n}\Vert f\Vert_{L_{p}}^{p}$ (3)
. , $N(n)$ ,
$2^{p-n}\Vert f\Vert_{L_{p}}^{p}$ $<$ $(N(n)+1) \int_{R}|f(x-a_{n})-f(x)|^{p}dx$
$\leq$ $2N(n) \int_{\mathbb{R}}|f(x-a_{n})-f(x)|^{p}dx$ .
, (1)
$2^{p-n-1}\Vert f\Vert_{L_{p}}^{\rho}/N(n)$ $<$ $\int_{\mathbb{I}t}|f(x-a_{n})-f(x)|^{p}dx$
$<$ $\frac{1}{3^{n}}\int_{\mathbb{R}}|f(x-k_{0}a_{n})-f(x)|^{p}dx$ .
,



















, $k_{0}b\not\in\Lambda_{p}(f)$ . , (i) 9(ii) .
, (ii) $\Leftrightarrow(iii)$ . (iii) $\Rightarrow(ii)$ , (ii) $\Rightarrow(iii)$ .
$k\in \mathbb{R}$
$M(k)= s\iota\iota p\frac{\Vert f(\cdot-ka)-f(\cdot)||_{L_{\rho}}}{||f(\cdot-a)-f(\cdot)\Vert_{L_{p}}}a>0$
$k_{1},$ $k_{2}\in \mathbb{R}$ , :
$M(k_{1}+k_{2})$ $= \sup_{a>0}\frac{\Vert f(\cdot-(k_{1}+k_{2})a)-f(\cdot)\Vert_{L_{\rho}}}{||f(\cdot-a)-f(\cdot)||_{I_{z\rho}}}$
$\leq$ $\sup_{a>0}\frac{\Vert f(\cdot-(k_{1}+k_{2})a)-f(\cdot-k_{2}a)\Vert_{L_{\rho}}+\Vert f(\cdot-k_{2}a)-f(\cdot)\Vert_{L_{p}}}{\Vert f(\cdot-a)-f(\cdot)\Vert_{L_{1)}}}$
$= \sup_{a>0}\frac{\Vert f(\cdot-k_{1}a)-f(\cdot.)\Vert_{L_{\rho}}+\Vert f(\cdot-h_{2}’a)-f(\cdot)\Vert_{I}\lrcorner\rho}{\Vert f(-a)-f(\cdot)\Vert_{L_{\rho}}}$
$\leq$ $M(k_{1})+M(k_{2})$ .
$M(1)=1,$ $M(|k|)=M(k)(k\in \mathbb{R})$ $M(\pm n)\leq n(n=, 0,1, \cdots)$ . (ii)
, $0\leq M(k)<+\infty(0\leq\forall k\leq 1)$ . $\forall k\in \mathbb{R}$
. $\forall k\in \mathbb{R}$ , $M(\cdot)$
,
$M(k)\leq M(k-[k])+M([k])\leq M(k-[k])+|[k]|<\infty$ .
$[k]$ $k$ . , (iii) ,
$\sup M(k)=\infty$ , $(0,1]$ $M(k_{n})arrow\infty$ $(k_{n})$
$0<k\leq 1$
. , , $k_{n}arrow\exists k_{0}\in[0,1]$ .
$a\in \mathbb{R}$ $b_{n}=k_{n}-k_{0}+a(n=1,2,3, \cdots)$ ,
$M(k_{n})\leq M(k_{0}-a)+M(k_{n}-k_{0}+a)=M(k_{0}-a)+M(b_{n})$ .
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, $M(b_{n})arrow\infty$ . , $a\in \mathbb{R}$ , $M(b_{n})arrow\infty$
$b_{n}arrow a$ $(b_{n})$ . , $\xi_{1}\in(0,1)$
$M(\xi_{1})>1$ . $M(\cdot)$ ,
$\frac{\Vert f(\cdot-\xi_{1}a_{1})-f(\cdot)\Vert_{L_{p}}}{||f(\cdot-a_{1})-f(\cdot)\Vert_{L_{\rho}}}>1$
$a_{1}>0$ . $t\mapsto f(\cdot-ta_{1})\in L_{\rho}(\mathbb{R})$ ,
, $\xi_{1}\in(c_{1}, d_{1})\subset(0,1)$ $(c_{1}, d_{1})$ .
$\frac{||f(\cdot-ta_{1})-f(\cdot)||_{L_{p}}}{||f(\cdot-a_{1})-f(\cdot)||_{L_{p}}}>1$ $(\forall t\in[c_{1}, d_{1}])$ .
, $\xi_{2}\in(c_{1}, d_{1})$ $M(\xi_{2})>2$ . , $a_{2}>0$
$\frac{\Vert f(\cdot-\xi_{2}a_{2})-f(\cdot)||_{L_{p}}}{||f(\cdot-a_{2})-f(\cdot)\Vert_{L_{p}}}>2$ ,
, $\xi_{2}\in(c_{2}, d_{2})\subset(c_{1}, d_{1})$ ,
$\frac{||f(\cdot-ta_{2})-f(.\cdot)||_{L_{p}}}{||f(\cdot-a_{2})-f()||_{L_{\rho}}}>2$ $(\forall t\in[c_{2}, d_{2}])$ .
$(c_{2}, d_{2})$ . $\xi_{n},$ $a_{n}$ ,
$c_{n}<d_{n}$ :
$\xi_{n}\in(c_{n},, d_{n})\subset(c_{n-1}, d_{r\iota-1})$
$\frac{||f(\cdot-ta_{n})-f(.\cdot)||_{L_{p}}}{||f(\cdot-a_{n})-f()||_{L_{p}}}>n$ $(\forall t\in[c_{n}, d_{n}])$
$[0,1]\supset[c_{1}, d_{1}]\supset[c_{2}, d_{2}]\supset\cdots$ , $\cap[c_{n}, d_{n}]\neq\emptyset$ . , $\xi_{0}\in$
$n=1$
$\bigcap_{n=1}^{\infty}[c_{n}, d_{n}]$ , $n$ ,
$M( \xi_{0})\geq\frac{\Vert f(\cdot-\xi_{0}a_{n})-f(\cdot)||_{L_{l^{J}}}}{||f(\cdot-a_{n})-f(\cdot)\Vert_{L_{\rho}}}>n$
. , $M(\xi_{0})=+\infty$ . . , (ii) $\Rightarrow$ (iii) . $\blacksquare$
2.1 $\Lambda_{p}(f)$




(1) $\inf_{i\in Z}(a_{i+1}-a_{i})>0$ ;
(2) $f$ $(a_{i}, a_{i+1})$ ;
, $\Lambda_{p}(f)$ .





, $0<b<a<\epsilon$ $a,$ $b$ . ,
$x$ ,
$I_{1}=[x-a-b, x-b]$ , $I_{2}=[x, x+a]$ , $I_{3}=[x-a-b, x+a]$
, $I_{1},$ $I_{2}\subset I_{3},$ $I_{1}\cap I_{2}=\emptyset$ . $I_{3}$ $2a+b$ $2a+b<3\epsilon\leq$ $inf|a_{i+1}-a_{i}|$
$\{i:a_{i}\in I_{3}\}$ 1 . , :
(a) $\{i:a_{i}\in I_{1}\}=\emptyset$ ;
(b) $\{i:a_{i}\in I_{2}\}=\emptyset$ .
(a) : , $I_{1}=[x-a-b, x-b]$ , $f$
. , $f(x-a-b)\leq$
$f(x-a)\leq f(x-b)$ or $f(x-a-b)\geq f(x-a)\geq f(x-b)$ ,
$|f(x-b)-f(x)|$ $\leq$ $|f(x-b)-f(x-a)|+|f(x-a)-f(x)|$
$\leq$ $|f(x-b)-f(x-a-b)|+|f(x-a)-f(x)|$ .
$|f(x-b)-f(x)|^{\rho}$ $\leq$ $2^{p-1}(|f(x-b)-f(x-a-b)|^{p}+|f(x-a)-f(x)|^{p})$ .
(b) : , $I_{2}=[x, x+a]$ , $f$ , $f(x)\leq f(x+a-b)\leq f(x+a)$
or $f(x)\geq f(x+a-b)\geq f(x+a)$ ,
$|f(x-b)-f(x)|$ $\leq$ $|f(x-b)-f(x+a-b)|+|f(x+a-b)-f(x)|$
$\leq$ $|f(x-b)-f(x+a-b)|+|f(x+a)-f(x)|$ .
$|f(x-b)-f(x)|^{p}$ $\leq$ $2^{p-1}(|f(x-b)-f(x+a-b)|^{p}+|f(x+a)-f(x)|^{p})$ .
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, (5) . , (iii)
, $0<\forall k<1,$ $\forall a>0$ , , $0<ka<a$ .
, 2 : $a<\epsilon,$ $a\geq\epsilon$ .




$\Vert f(\cdot-ka)-f(\cdot)\Vert_{p}^{p}$ $\leq$ $2^{p-1}(\Vert f(\cdot-ka)-f(\cdot-a-ka)|^{\rho}+\Vert f(\cdot-a)-f(\cdot)\Vert_{p}^{p}$
$+\Vert f(\cdot-ka)-f(\cdot+a-ka)\Vert_{\rho}^{p}+\Vert f(\cdot+a)-f(\cdot)\Vert_{p}^{p})$
$=$ $2^{p-1}4\Vert f(\cdot-a)-f(\cdot)\Vert_{p}^{p}$
$=$ $2^{p+1}\Vert f(\cdot-a)-f(\cdot)\Vert_{p}^{p}$ . (6)
$a\geq\epsilon$ , $c= \inf_{\alpha}\Vert f(\cdot-\alpha)-f(\cdot)\Vert_{p}$ , $c>0$ .
di $\vee\supset^{\vee}C$ ,
$\frac{\Vert f(\cdot-ka)-f(.\cdot)||_{p}}{||f(\cdot-a)-f()\Vert_{p}}\leq\frac{\Vert f(\cdot-ka)\Vert_{p}\dashv-\Vert f\Vert_{p}}{c}=\overline{c}$.
2 $\Vert f\Vert_{p}$
$-t^{\wedge}\ \iota_{c_{-}}^{-}$ ,
$\Vert f(\cdot-ka)-f(\cdot)\Vert_{p}^{p}\leq(\frac{2\Vert f\Vert_{p}}{c})^{p}\Vert f(\cdot-a)-f\cdot(\cdot)\Vert_{p}^{p}$ . (7)
, $C=m_{\epsilon 1X}\{2^{\rho+1},$ $( \frac{2||f\Vert_{p}}{c})^{p}\}>0$ ,
$\Vert f(\cdot-ka)-f(\cdot)\Vert_{p}^{p}\leq C\Vert f(\cdot-a)-f(\cdot)\Vert_{\rho}^{\rho}$ for $0\leq\forall k\leq 1,$ $\forall a>0$ .
1 (iii) , $\Lambda_{p}(f)$ $\mathbb{R}^{\infty}$ . $\blacksquare$
2.2 $\Lambda_{p}(f)$
, $\Lambda_{p}(f)$ 2 .
.
1 $f_{0}\in C_{0}(\mathbb{R})(\neq 0),$ $suppf_{0}\subset[0, \pi]$ . $m,$ $n\in N$ , $f_{m,n}\in C(\mathbb{R})$
:
$f_{m,n}(x)=1+ \frac{1}{m}\sin(nx)$ .
, (i), (ii) $\{m_{i}\}$ , {ni} :
(i) $f(x)= \lim_{jarrow\infty}f_{0}(x)\prod_{i=1}^{j}f_{m_{i},n_{i}}(x)$ ( $\mathbb{R}$ ).
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(ii) $i arrow\infty 1irrl\frac{\int_{-\infty}^{\infty}|f(x-\frac{\pi}{2\pi n_{t}n_{1}})-f(x)|^{\rho}dx}{\int_{-\infty}^{\infty}|f(x-\frac)-f(x)|^{p}dx}=\infty$ .
, (i) $f\in C_{0}(\mathbb{R})\subset L_{p}(\mathbb{R})$ . (ii) $f$ 1(ii)
. , $\Lambda_{p}(f)$ $\mathbb{R}^{\infty}$
.
$f$ $\Lambda_{\rho}(f)$ .
2 $1\leq p<\infty$ . $f\in L_{\rho}(\mathbb{R})$ :
$($ i $)$ $f\in C^{\infty}(\mathbb{R})\cap L_{\rho}(\mathbb{R})$ $f(x)>0(x\in \mathbb{R})$ ;
(ii) $\mathbb{R}$ $f’(x)=0$ $x$ ;
(iii) $\Lambda_{p}(f)$ $\mathbb{R}$ .
$f$ . ,
$\rho(x)=\{\begin{array}{ll}e^{-\frac{1}{1-}T_{x}} (-1<x<1)0 |x|\geq 1\end{array}$
, $p(x)\in C_{0^{\infty}}(\mathbb{R}),$ $\sup\iota)\rho=[-1.1]$ . , $n\in N$ , $\rho_{n}(x)=$
$\rho(6(x-n-1/2))$ , $s\iota lpp\rho_{n}=[n+- 1/3, n+2/3|)0\leq\rho_{n}(x)\leq 1/e$ .
) $(n_{k})$ ,
$f\cdot(x)=\{\begin{array}{ll}e^{-x^{2}} (x<1)e^{-x^{2}}(1+\rho_{k}(x)\sin n_{k}\pi x) (k\leq x<k+1)\end{array}$
, $(n_{k})$ , (i), (ii) . — , $(n_{k})$
,
$\Vert f(\cdot-1/n_{k})-f(\cdot)\Vert_{p}>2^{k}\Vert f(\cdot-2/n_{k})-f(\cdot)\Vert_{p},$ $(k=1,2, \cdots)$
. , $\frac{a}{2}=\frac{1}{n_{k}}$ ,
$\Vert f(\cdot-a/2)-f(\cdot)\Vert_{p}^{\rho}\leq C\Vert f(\cdot-a)-f(\cdot)\Vert_{p}^{p},$ $(a>0)$
$C$ , 1 $\Lambda_{1}(f)$ $\mathbb{R}$
.
3 $\ell_{1}=A_{1}(f)$
$f\in L_{p}(\mathbb{R})$ , $\mathbb{R}$ $D_{f}$ :
$D_{f}$ $=$ $\{x\in \mathbb{R}$ : $\lim_{harrow 0}\frac{1}{h}\int_{x}^{x+h}|f(t)-f(x)|dt=0\}$
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, $\mathbb{R}-D_{f}$ $0$ .
, $\mathbb{R}$ $f$ , $\mathbb{R}$ (essential variation) $essV(f)$
:
$essV(f)=\sup\{\sum_{-}^{k}|f(x_{i})-f(x_{i-1})|,$ $x_{0}<x_{1}<\cdots<x_{k},$ $x_{i}\in D_{f}\}$ .
3 $f\in L_{1}(\mathbb{R})$ , .
$\lim_{harrow 0}\int_{\mathbb{R}}|\frac{f(x-h)-f(x)}{h}|dx=essV(f)$
2 4, 6 .
4 $f\in L_{1}(\mathbb{R})$ , ;
$\lim_{harrow}\inf_{\infty}\int_{\mathbb{R}}|\frac{f(x-h)-f(x)}{h}|dx\geq essV(f)$ .














5 $f\in L_{1}(\mathbb{R}),$ $essV(f)<\infty$ ,
(1) $x\in \mathbb{R}$ , $\lim_{h\downarrow 0}$ $f(x+h)$ .
$x+h\in D_{j}$
(2) (1) , $x\in \mathbb{R}$ ,
$g(x)=$
$\lim_{h\downarrow 0,x+h\in D_{f}}f(x+h)$
$\mathbb{R}$ , $g(x)$ $\mathbb{R}$ , $g(x)=f(x)(x\in D_{f})$
(3) $g$ (2) $\mathbb{R}$ . V $(g)=essV(f)$ , , V $(g)$
$g$
$\mathbb{R}$ .
(1) $x\in \mathbb{R}$ , $D_{f}$ $\mathbb{R}$ , $t_{1}>t_{2}>\cdots\downarrow x$ $\{t_{n}\}\in D_{f}$
. ,
$\sum_{n=1}^{\infty}|f(t_{n+1})-f(t_{n})|\leq essV(f)<+\infty$ .
, $\sum_{n=1}^{\infty}(f(t_{n+1})-f(t_{n}))$ 1 , $narrow\infty 1irnf(t_{n})$ . $\{t_{n}\}$
,
$x+h \in D_{f}\lim_{h\downarrow 0}f(x+h)$
.
(2) (1) , $g$ $x\in D_{f}$ . $F_{x}$ .
$F_{x}(h)=.1_{x}^{x+h}f(t)dt,$ $h\geq 0$
, $F_{x}$ , $F_{x}’(h)=f\cdot(x+h)(x+h\in D_{f})$ . , $F_{x}’(\cdot)=f(x+\cdot)a.e$ .
$F_{x}(h)= \int_{0}^{h}F_{x}’(t)dt+F_{x}(0)=\int_{0}^{h}f(x+t)dt$
$f(x)= \lim_{h\downarrow 0}\frac{1}{h}F_{x}(h)=\lim_{h\downarrow 0}\frac{1}{h}\int_{0}^{h}f(x+t)dt=g(x)$ .
(3) (2) $g|_{D_{f}}=f$ $essV(f)\leq V(g)$ . , $\mathbb{R}$
$a_{1}<a_{2}<\cdots<a_{n}$ . $g$ , $D_{f}$ $\mathbb{R}$ ,





, $V(g)\leq essV(f)$ . $\blacksquare$
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6 $f\in L_{1}(\mathbb{R})$ :
$\int_{\mathbb{R}}|\frac{f(x-h)-f(x)}{h}|dx\leq essV(f),$ $h\neq 0$ .
$essV(f)=\infty$ .
$essV(f)<\infty$ . $g$ 5(2) , ,
$V(g)=essV(f)<\infty,$ $g=fa.e.$ . , Jordan , $g_{1},$ $g_{2}$
, $g=g_{1}-g_{2},$ $V(g_{1})+V(g_{2})=V(g)$ . $h,$ $s<t$ .
$\int_{s}^{t}|g_{1}(x-h)-g_{1}(x)|dx$ $=$ $| \int_{s}^{t}(g_{1}(x-h)-g_{1}(x))dx|$













7 $f\in L_{l}(\mathbb{R})$ , :
$f\in BV(\mathbb{R})\Leftrightarrow essV(f)<\infty$ ,
$f_{0^{a^{\vee}}\supset}|Df|(\mathbb{R})=essV(f)$ .
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$| \int_{\mathbb{R}}f(x)\frac{\varphi(x+h)-\varphi(x)}{h}dx|$ $\leq$ $\int_{\mathbb{R}}|\frac{f(x-h)-f(x)}{h}||\varphi(x)|dx$
$\leq$ $\Vert\varphi\Vert_{\infty}\int_{\mathbb{R}}|\frac{f(x-h)-f(x)}{h}|dx$
$\leq$ $\Vert\varphi\Vert_{\infty}essV(f)$
$harrow 0$ , :
$| \int_{\mathbb{R}}f(x)\varphi’(x)dx|\leq\Vert\varphi\Vert_{\infty}essV(f)$ for $\varphi\in C_{0}^{\infty}(\mathbb{R})$ .
$C_{0}^{\infty},(\mathbb{R})$ $C_{0}(\mathbb{R})$ ) $Df\in(C_{0}(\mathbb{R}))^{*}$ .
, $f\in BV(\mathbb{R})$ $|Df|(\mathbb{R})\leq essV(f)$ .
- , $(\Rightarrow)$ , $f\in BV(\mathbb{R})$ .
, $p\in C_{0}^{\infty}(\mathbb{R}),$ $\int_{\mathbb{R}}\rho(x)dx=1,$ $supp\subset[-1,1]$ , $\iota_{\llcorner}^{-},$ $\rho_{\epsilon}(x)=\epsilon^{-1}\rho(x/\epsilon)$
. , , $\epsilon=1/n$ ,
$f_{n}(x)= \int_{\mathbb{R}}\rho_{1/n}(x-y)f(y)dy=(p_{1/n}*f)(x)$
, $f_{n} \in C^{\infty}(\mathbb{R}),\lim_{narrow\infty}\Vert f_{n}-f\Vert_{1}=0$ , $\lim_{narrow\infty}f_{n}(x)=f(x)(\forall x\in D_{f})$
.
$\varphi\in C_{0}^{\infty}(\mathbb{R})$ , Fubini ,
$\int_{R}f_{n}’(x)\varphi(x)dx=-\int_{\mathbb{R}}f_{n}(x)\varphi’(x)dx=-\int_{\mathbb{R}}f(x)(\rho_{1/n}*\varphi’)(x)dx=-\int_{\mathbb{R}}f(x)(p_{1/n}*\varphi)’(x)dx$ .
, $(\varphi*\rho_{1/n})(x)\in C_{0}^{\infty}(\mathbb{R}),$ $\Vert(\varphi*\rho_{1/n})\Vert_{\infty}\leq 1$
$| \int_{\mathbb{R}}f_{n}’(x)\varphi(x)dx|=|\int_{\mathbb{R}}f(x)(\varphi*\rho_{1/n})’(x)dx|\leq|Df|(\mathbb{R})$ .
, $\varphi$ , $\int_{\mathbb{R}}|f_{n}’(x)|dx\leq|Df|(\mathbb{R})$ .
, $x_{0}<xi<\cdots<x_{k},$ $x_{i}\in D_{\int}$ ,
$\sum_{i=1}^{k}|f_{n}(x_{i})-f_{n}(x_{i-1})|=\sum_{i=1}^{k}|\int_{x_{i-1}}^{x_{i}}f_{n}’(x)dx|\leq\sum_{i=1}^{k}\int_{x_{i-1}}^{x_{i}}|f_{n}’(x)|dx\leq\int_{R}|f_{n}’(x)|dx\leq|Df|(\mathbb{R})$ .
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$narrow\infty$ , $x_{i}\in D_{f}$
$\sum_{i=1}^{k}|f(x_{i})-f(x_{i-1})|\leq|Df|(\mathbb{R})$
. , $essV(f)\leq|Df|(\mathbb{R})$ . , $essV(f)=|Df|(\mathbb{R})$ $\blacksquare$
8 $f\in L_{1}(\mathbb{R})$ ,
$f\in BV(\mathbb{R})$ $\Lambda_{1}(f)=\ell_{1}$ .
$f\in BV(\mathbb{R})$ . 6 7 , , :
$\int_{\mathbb{R}}|f(x-a)-f(x)|dx\leq essV(f)|a|,$ $\forall a\in \mathbb{R}$ .
, $p_{1}\subseteq\Lambda_{1}(f)$ . , $\ell_{1}\supseteq\Lambda_{1}(f)$ (i) ([3,
Theorem 1] $)$ . ) $\ell_{1}=\Lambda_{1}(f)$ .
, $essV(f)=\infty$ . 2 , $n$
, , $h_{n}\neq 0$ :
$1_{\mathbb{R}}|\frac{f(x-h_{n})-f(x)}{f\iota_{n}}|dx>2^{r\iota}$ .
,
$|h_{n}|< \frac{1}{2^{n}}\int_{\mathbb{R}}|f(x-h_{n})-f(x)|dx\leq 2^{l-n}\Vert f\Vert_{1}$ .












, $a\in P_{1}$ .
,
$\Psi(a;f)=\sum_{n=1}^{\infty}\int_{R}|f(x-a_{n})-f(x)|dx=\sum_{n=1}^{\infty}N(n)\int_{R}|f(x-h_{n})-f(x)|dx\geq\sum_{n=1}^{\infty}\Vert f\Vert_{1}=\infty$.
, $a\not\in\Lambda_{1}(f)$ . , $l_{1}=\Lambda_{1}(f)$ . $\blacksquare$
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